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Plücker Coordinates of 3D Lines

The Plücker coordinates of a 3D line are denoted by
L= [uT ,vT ]T ∈ P5, where the vector u ∈ R3 is normal to the
interpretation plane πL containing the line L and the origin, and
v ∈ R3 is the line direction. 1

L satisfies the Plücker constraint uTv = 0.
The Plücker matrix is defined by

L =

[
[u]× v
−vT 0

]
(1)

1G. Zhang, J. Lee, J. Lim and H. Suh, Building a 3-D line-based map using stereo SLAM,
IEEE Transactions on Robotics, vol. 31, no. 6, pp. 1364-1377, 2015.
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The plane πL ∈ P3 joining the occluding line L and the origin Oc is
calculated by

πL = L∗ · Õc = [uT ,0]T (2)
where Õc = [0,0,0,1]T is the homogeneous coordinates of the origin
and L∗ is the dual Plücker matrix associated with L which is computed
by

L∗ =
[
[v]× u
−uT 0

]
(3)
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π
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The occluded line on the plane π = [nT ,d]T ∈ P3 corresponding to the
occluding line L is denoted by Lπ . The corresponding dual Plücker
matrix L∗π is calculated by

L∗π = ππ
T
L−πLπ

T

=

[
[u×n]× −du

duT 0

] (4)

The Plücker coordinates L∗π = [−duT ,(u×n)T ]T .

cO

π

π

π
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The left superscript c and r represent the current and reference frame,
respectively.
The rigid transformation of a plane

Tcr(
r
π) =

[
Tcr(

rn)
Tcr(

rn, rd)

]
=

[
Rcr 0
−tTcrRcr 1

]
·
[rn

rd

]
=

[
Rcr

rn
−tTcrRcr

rn+ rd

] (5)

The rigid transformation of a 3D line

Tcr(
rL) =

[
Tcr(

ru, rv)
Tcr(

rv)

]
=

[
Rcr [tcr]×Rcr
0 Rcr

]
·
[ru

rv

]
=

[
Rcr

ru+[tcr]×Rcr
rv

Rcr
rv

] (6)
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Motion Estimation using Occluding Lines

The objective function is defined by

E(Rcr, tcr) = απ

Nπ

∑
j=1

∥∥c
π j−Tcr(

r
π j)
∥∥2

2 +αL

NL

∑
i=1
‖cLi−Tcr(

rLi)‖2
2

= E1(Rcr)+E2(Rcr, tcr)

(7)

where

E1(Rcr) = απ

Nπ

∑
j=1

∥∥cnj−Tcr(
cnj)
∥∥2

2 +αL

NL

∑
i=1
‖cvi−Tcr(

cvi)‖2
2 (8)

E2(Rcr, tcr)=απ

Nπ

∑
j=1

∥∥cdj−Tcr(
cni,

cdj)
∥∥2

+αL

NL

∑
i=1
‖cui−Tcr(

cui,
cvi)‖2

2

(9)
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The rotation Rcr (represented by a unit quaternion qcr) is determined
by minimizing (8).
Rewrite (8) as

E1(Rcr) = απ

Nπ

∑
j=1

∥∥cnj−Tcr(
cnj)
∥∥2

2 +αL

NL

∑
i=1
‖cvi−Tcr(

cvi)‖2
2

= απ

Nπ

∑
j=1

∥∥cnj−qcr ∗ cnj ∗qcr
∥∥2

2 +αL

NL

∑
i=1
‖cvi−qcr ∗ cvi ∗qcr‖

2
2

= απ

Nπ

∑
j=1

∥∥cnj ∗qcr−qcr ∗ cnj
∥∥2

2 +αL

NL

∑
i=1
‖cvi ∗qcr−qcr ∗ cvi‖2

2

= απ

Nπ

∑
j=1

∥∥Ajqcr
∥∥2

2 +αL

NL

∑
i=1
‖Biqcr‖

2
2

= qT
crMqcr

(10)
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with

M = απ

Nπ

∑
j=1

AT
j Aj +αL

NL

∑
i=1

BT
i Bi ∈ R4×4

Aj =

[
0 (rni− cni)

T

−(rni− cni) [rni +
cni]×

]
Bi =

[
0 (rvi− cvi)

T

−(rvi− cvi) [rvi +
cvi]×

] (11)

qcr is the eigenvector corresponding to the smallest eigenvalue of the
matrix M.

Sun Qinxuan Line-based Shadow SLAM
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The translation tcr is determined by minimizing (9).

Letting ∂E2
∂ tcr

= 0 yields
Ψtcr = b (12)

with

Ψ = απ

Nπ

∑
j=1

(Rcr
rnj)(Rcr

rnj)
T +αL

NL

∑
i=1

[Rcr
rui]

T
×[Rcr

rui]×

b =−απ

Nπ

∑
j=1

(Rcr
rnj)(

cdj− rdj)−αL

NL

∑
i=1

[Rcr
rui]

T
×(

cui−Rcr
rui)

(13)
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The origin of the reference frame w.r.t. the current frame is cOr = tcr.
The plane cπLr joining the line cL and the origin of the reference
frame cOr is calculated by

c
πLr =

cL∗ · cÕr =

[
[cv]×tcr +

cu
−cuT tcr

]
(14)

cO

π

π

π

c

cO

c

rO

c

πc
π

c
π

c

rπ

c

rπ

c

{ }cur

{ }ref
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The occluded line cLπr intersecting cπLr and the plane cπ is calculated
by

cL∗πr =
c
π

c
π

T
Lr− c

πLr
c
π

T

=

[
[cvπr]×

cuπr
−cuT

πr 0

] (15)

with
cuπr =−cd([cv]×tcr +

cu)− cntTcr
cu

cvπr =−[cn]×[cv]×tcr +[cu]×cn
(16)

cO

π

π

π

c

cO

c

rO

c

πc
π

c
π

c

rπ

c

rπ

c

{ }cur

{ }ref
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The measurements of the occluding line, occluded line and the plane
are denoted by rL, rLπr and rπ , respectively (described in the
reference frame).
The transform Rcr, tcr is refined by aligning cLπr with the
measurement Tcr(

rLπr).

cO

π

π

π

c

cO

c

rO

c

πc
π

c
π

c

rπ

c

rπ

c

{ }cur

{ }ref

c

cO

c

rO

c

π
c
π

c
π

c

rπ

c

{ }cur

{ }ref

c

rπ

( )c

crT

( )r

cr rT
π

( )c

crT π
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cLπr and Tcr(
rLπr) are aligned if

Rcr and tcr are correctly recovered;
cπ = Tcr(

rπ);
cL= Tcr(

rL).

cO

π

π

π

c

cO

c

rO

c

πc
π

c
π

c

rπ

c

rπ

c

{ }cur

{ }ref

c

cO

c

rO

c

π
c
π

c
π

c

rπ

c

{ }cur

{ }ref

c

rπ

( )c

crT

( )r

cr rT
π

( )c

crT π
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The objective function is defined by

F(Rcr, tcr) =
NL

∑
i=1

{
‖cLπri−Tcr(

rLπri)‖2
2 +‖

cLi−Tcr(
rLi)‖2

2

}
+

Nπ

∑
j=1

∥∥c
π j−Tcr(

r
π j)
∥∥2

2

(17)

cO

π

π

π

c

cO

c

rO

c

πc
π

c
π

c

rπ

c

rπ

c

{ }cur

{ }ref

c

cO

c

rO

c

π
c
π

c
π

c

rπ

c

{ }cur

{ }ref

c
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( )c
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π
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